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Unsteady Transonic Small-Disturbance Theory Including
Entropy and Vorticity Effects

John T. Batina*
NASA Langley Research Center, Hampton, Virginia

Modifications to unsteady transonic small-disturbance theory to include entropy and vorticity effects are
presented. The modifications have been implemented in the computational aeroelasticity program-transonic
small disturbance (CAP-TSD) code developed recently for aeroelastic analysis of complete aircraft configura-
tions in the flutter critical transonic speed range. Entropy and vorticity effects have been incorporated within the
solution procedure to analyze flows with strong shock waves more accurately. The modified code includes these
effects while retaining the relative simplicity and cost efficiency of the TSD formulation. The paper presents
detailed descriptions of the entropy and vorticity modifications along with calculated resuits and comparisons
that assess the modified theory. These results are in good agreement with parallel Euler calculations and with
experimental data. Therefore, the present method now provides the aeroelastician with an affordable capability
to analyze relatively difficult transonic flows without having to solve the computationally more expensive Euler

equations.

Nomenclature
» = pressure coefficient
CY = critical pressure coefficient
AC,, = unsteady lifting pressure coefficient normalized by
oscillation amplitude
= airfoil chord
reference chord
specific heat at constant volume
function defining position of lifting surface
reduced frequency, wc,/2U
freestream Mach number
change in entropy from freestream value
= time, nondimensionalized by freestream speed and
reference chord, U/c,
At = nondimensional time step
U = freestream speed
x,¥,z = nondimensional coordinates in streamwise, spanwise,
and vertical directions, respectively
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o = instantaneous angle of attack
op = mean angle of attack
o; = amplitude of pitch oscillation
v = ratio of specific heats
r = circulation
i = fractional semispan
g = relaxation parameter
T = nondimensional time, 2U/c,
¢ = disturbance velocity potential, nondimensionalized by
freestream speed and reference chord
w = angular frequency
Introduction

ONSIDERABLE progress has been made over the past
decade on developing methods for aeroelastic analysis in
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the flutter critical transonic speed range.! Much of this pro-
gress has been achieved by developing finite-difference com-
puter codes for solving the transonic small-disturbance (TSD)
potential equation,? although significant efforts are currently
underway at the higher equation levels as well. The advantages
of the TSD formulation, especially for aeroelastic applica-
tions, are the relatively low computational cost and the sim-
plicity of the gridding and geometry preprocessing. However,
a serious limitation of the potential flow codes, in general, is
the inability to predict accurately flows with strong shock
waves. For these flows, use of the isentropic potential formu-
lation typically results in shock waves that are too strong and
located too far aft in comparison with the experiment. In fact,
it is fairly well known that potential theory predicts nonunique
steady-state solutions? for certain combinations of Mach num-
ber and angle of attack. Simple modifications to potential
theory, however, have been shown to eliminate the nonunique-
ness problem and, consequently, provide solutions that more
accurately simulate those computed using the Euler equa-
tions.*” These modifications include the effects of shock-gen-
erated entropy, and they require only minor changes to exist-
ing computer codes.

Rotational effects may also become important when strong
shock waves are present in the flow. For example, vorticity is
generated by shock waves due to the variation of entropy along
the shock. Potential theory, of course, does not account for
these effects because of the irrotationality assumption neces-
sary for the existence of a velocity potential. For these flows,
the Euler equations generally are required to model the flow
accurately. Recently, however, simple modifications to poten-
tial theory have been developed to model rotational effects.8-10
These modifications involve a velocity decomposition origi-
nally suggested by Clebsch.!! In this model, the velocity vector
is decomposed into a potential component and a rotational
component. For most applications of interest to the aeroelasti-
cian, the rotational effects are significant only in the region
downstream of shocks. Therefore, the potential component
can be obtained throughout most of the flowfield using an
existing potential flow code. The rotational flow then can be
modeled either by adding the appropriate source term to the
governing equation or by modifying the fluxes. These changes,
consequently, include the effects of shock-generated vorticity
as well as entropy, and require relatively straightforward mod-
ifications to existing potential flow codes.
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The purpose of this paper is to present entropy and vorticity
modifications to TSD theory, similar to the steady full-poten-
tial modifications of Refs. 8 and 10, for time-accurate applica-
tions. The modifications have been implemented in the com-
putational aeroelasticity program-transonic small disturbance
(CAP-TSD)!? code that is capable of transonic aeroelastic
analysis of complete aircraft configurations. The CAP-TSD
code can be used to analyze configurations with arbitrary com-
binations of lifing surfaces and bodies including canard, wing,
tail, control surfaces, tip launchers, pylons, fuselage, stores,
and nacelles. The modified code models the effects of shock-
generated entropy and vorticity while retaining the relative
simplicity and cost efficiency of the TSD formulation. The
paper presents detailed descriptions of the entropy and vortic-
ity modifications, along with calculated results and compari-
sons with Euler solutions and with experimental data, which
assess the present method.

Transonic Small-Disturbance Theory

The flow is assumed to be governed by the general-fre-
quency TSD potential equation,'* which may be written in
conservation law form as

o O

o Vax Ty T 70 M
where
Jo=—Adé,— B¢, (2a)
fi=Eé. +For+Goy (2b)
So=¢y + Ho o, (2¢)
Si=¢, (2d)

The coefficients A, B, and F are defined as

A = M? B =2M? E=1-M? 3)
Several choices are available for the coefficients F, G, and H
depending on the assumptions used in deriving the TSD equa-

tion. The coefficients herein are defined as

F=—-Yy+)M> (4a)
G = Ya(y — IM? (4b)
H=—(y-DM? QY]

The lifting surfaces are modeled by imposing the following
conditions:

Flow tangency:
b =S + /e (52)

Trailing wake:
I'' +T, =0and A¢, =0 ;(Sb)

where A( ) represents the jump in ( ) across the wake. The
flow-tangency condition is imposed along the mean plane of
the respective lifting surface. In Eq. (5a), the plus and minus
superscripts indicate the upper and lower surfaces of the mean
plane, respectively. The wake is assumed to be a planar exten-
sion from the trailing edge to the downstream boundary of the
finite-difference grid.

Entropy Model

Shock-generated entropy is modeled by implementing mod-
ifications to TSD theory similar to those reported in Refs. 6
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and 7. These modifications include 1) an alternative stream-
wise flux, 2) an entropy correction in the pressure formula,
and 3) a modified wake boundary condition to account for
convection of entropy. In this section, the entropy model is .
briefly described. Additional details may be found in Refs. 6
and 7.

Alternative Streamwise Flux

The entropy model is formulated by first replacing the
streamwise flux f; [Eq. (2b)] in the TSD equation by an alter-
native flux given by

fi=(+ DMR(VV - 1/7.V2)+G<i)f, 6)

where
V= % (7b)
()

The first term of this new flux was derived in Ref. 14 by an
asymptotic expansion of the Euler equations including the
effects of shock-generated entropy. The analysis of Ref. 14
shows that Eq. (6) is accurate to at least 0(¢2) in the expanded
Euler equations. When ¢, is small, the alternative flux of Eq.
(6) is the same as the original flux of Eq. (2b) to 0(¢2).

Pressure Correction

The pressure formula is modified to include entropy effects
according to

C,=C, +GC, ®)

where C, is the isentropic pressure coefficient, and C, is the
pressure coefficient due to change in entropy. As reported in
Refs. 6 and 7, C, is given by

-2 Ky
A = LYY ®
Equation (9) obviously requires the determination of entropy
along the surface of the airfoil or wing. This first requires the
determination of the shock location and then the calculation of
the entropy jump across the shock. The shock location is deter-
mined easily since most TSD algorithms use type-dependent
differencing to capture shocks and to treat regions of subsonic
and supersonic flow properly. The entropy jump is computed
using the Rankine-Hugoniot shock jump relation

s _, G+ Dui—(-DR* _ u}

& "o+ DR —(y—Dui TR

10

where
up=1+ ¢, —ug an

In Eq. (11), u, is the flow speed upstream of the shock and u;
is the shock speed, which are computed at time level (n + 1) to
maintain time accuracy. In Refs. 6 and 7, the entropy was
assumed to be constant between the shock and the trailing edge
even for unsteady applications. In the present formulation, the
entropy is convected downstream from the shock according to

ds ds
&+—a}——0 (12)

The correction to the pressure formula to include entropy
effects [Eq. (9)] does not directly effect the flowfield. The
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effect on the flowfield is produced by the modified wake
boundary condition discussed in the following section.

Modified Wake Boundary Condition

The wake boundary condition requires that the pressure be
continuous across the wake. Since the pressure formula [Eq.
(8)] includes a term due to entropy, the isentropic wake
boundary condition must be modified as

T, + T, = BiAC, 13)

where A represents the jump across the wake. In Eq. (13), AC,
is determined by first convectmg the entropy along the wake
and then computing C, using Eq. (9). The nonzero right-hand
side of Eq. (13) modlfles the circulation distribution I'. Conse-
quently, the circulation due to entropy opposes the circulation
associated with lift and thus decreases the total circulation. As
discussed in Ref. 6, this is the feedback mechanism that stabi-
lizes the shock location and eliminates the nonuniqueness
problem.

Vorticity Model

A vorticity model has been developed that is similar to that
presented in Ref. 10. In this section, the vorticity model is
described in detail including: 1) a modified velocity vector that
in turn modifies the TSD equation, 2) a pressure formula
correction for vorticity effects, and 3) the resulting wake
boundary condition.

Modified Velocity Vector

The vorticity model is formulated by first writing the veloc-
ity vector as the sum of potential and rotational components
according to

1
V= V@——-——-V‘I‘ 4
v—1 ¢ a4

In Eq. (14), the first term on the right-hand side is the gradient
of a scalar potential &, and the second term involves the
product of the entropy s and the gradient of a Clebsch variable
¥. The function ¥ is a measure of the stretching and rotating
of vortex filaments associated with entropy variation.!® For
the applications of interest in the present work, the rotational
part of the velocity vector is assumed to occur only in the
region downstream of the shock waves, as shown in Fig. 1.
Further assuming that the entropy convects with the
freestream speed [Eq. (12)] and.that the shock curvature is
negligible implies that

v 1 v 2 4
¥l T Zoo as)
M ay az

as shown in Ref. 10. These assumptions eliminate the variable
¥ from the formulation, leaving only the entropy s to be
determined throughout the flowfield. In a steady flow, en-
tropy is constant along streamlines and changes only through
shock waves. The entropy jump is computed along shocks
using the Rankine-Hugoniot relation [Eq. (10)]. Then, for
simplicity, the grid lines are assumed to approximate the
streamlines of the flow, which is consistent with the small-
disturbance approximation. The entropy is either convected
downstream along the grid lines using Eq. (12) for unsteady
applications, or is held constant along the grid lines for steady
applications.

The modified veloc1ty vector in turn modifies the TSD equa-
tion because the streamwise disturbance speed u = ¢, is now
given by

1 s

b y(y—DM?¢, (16)

The new TSD equation has the same conservation law form as
Eq. (1), with new fluxes defined by simply replacing ¢, in Eq.
(2) by the modified speed given in Eq. (16).
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Fig. 1. *{oiational and irrotational flow regions.

Pressure Conecgidn ‘

The pressure formula must also be modified when vorticity ’
effects are included in the model. In general form, the pressure
coefficient may be computed using

Cp =G, +C +C 17

where C, is the pressure coefficient correction due to vorticity.
As dlscussed by Hafez and Lovell,® the correction due to vor-
ticity approxunately cancels the correction due to entropy and,
thus, C, is glven by the isentropic formula. At the TSD equa-
tion level this is clearly demonstrated by first considering the
general form of Eq. (8). Assuming the first-order small-
disturbance pressure formula for C,, , defining C, as given by
Eq. (9), and replacmg ¢, by the modified dlsturbance speed of
Eq. (16) yields

2 s 2 s

C, = —26, — 2y — = =
p = 2 M T M, | 4 - DM,

18)

Here the corrections due to entropy and vorticity identically
cancel each other and thus, the pressure coefficient is given by
the isentropic formula in terms of the irrotational disturbance
speed ¢x !

Modified Wake Boundary Condition

As with the entropy model, the wake boundary condition in
the vorticity model requires that the pressure be continuous
across the wake.. Since the pressure [Eq. (18)] is now given by
the isentropic formula, the wake boundary condition is identi-
cal to the original condition given by

T, +T,=0 - (19)

The feedback mechanism that eliminates the nonuniqueness
problem is the rotational velocity field inherent in the vorticity
model. This is in contrast to the mechanism of the entropy
model, which is explicitly imposed through the wake boundary
condition [Eq. (13)].

Approximate Factorization Algorithm
The approximate factorization (AF) algorithm of Ref. 15
has been modified to solve the TSD equation including entropy
and vorticity effects. In this section, the AF algorithm is de-
scribed.

General Description

The AF algorithm consists of a Newton linearization proce-
dure coupled with an internal iteration technique. For un-
steady flow calculations, the solution procedure involves two
steps. First, a time linearization step (described in the follow-
ing) is performed to determine an estimate of the potential
field. Second, internal iterations are performed to minimize
linearization and factorization errors. Specifically, the TSD
equation (1) is written in general form as

R(¢"H)=0 20
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where ¢"* ! represents the unknown potential field at time Ievel
(n +1). The solution to Eq. (20) is then given by the Newton
linearization of Eq. (20) about ¢*

oy (OR -
R($") + <a ¢>¢=¢*A¢—o @1

In Eq. (21), ¢* is the currently available value of ¢"*! and
A¢ = ¢+l — ¢*, During convergence of the iteration proce-
dure, A¢ will approach zero so that the solution will be given
by ¢"*! = ¢*. In general, only one or two iterations are re-
quired to achieve acceptable convergence. For steady flow
calculations, iterations are not used since time accuracy is not
necessary when marching to steady state.

Mathematical Formulation

The AF algorithm is formulated by first approximating the
time derivative terms (¢, and ¢,) by second-order-
accurate finite-difference formulas. The TSD equation is
rewritten by substituting ¢ = ¢* + A¢ and neglecting squares
of derivatives of A¢, which is equivalent to applying Eq. (21)
term by term. The resulting equation is then rearranged, and
the left-hand side is approximately factored into a triple
product of operators, yielding

L; L,L; A = —oR(¢*,¢",¢""1,¢"?) (22)
where
3B 9 A2 9 0

Lg =1+ IA—EXAtE — Ex—‘zz‘é‘g 1@ (233)

A2 3 _ 3
L,=1- ‘;’x-}Zb—;Fz% (23b)

At 9 _ 9

Lg- =1- Exﬁ a—g_ 3a—§_ (23C)

The equations for the spatial fluxes Fy, F,, F; and the residual
R are given in Ref. 15. In Eq. (22), o is a relaxation parameter
that is normally set equal to 1.0. To accelerate convergence to
steady state, the residual R may be overrelaxed using o>1.
Equation (22) is solved using three sweeps through the grid by
sequentially applying the operators L, L,, and L; as

£ sweep: Ly Ap= —oR (24a)
5 sweep: L,Ad = A (24b)
¢ sweep: LiA¢ = A (24c)

Further details of the algorithm development and solution
procedure may be found in Refs. 15 and 16.

Time-Linearization Step

An initial estimate of the potentials at time level (n + 1) is
required to start the iteration process. This estimate is pro-
vided by performing a time-linearization calculation. The
equations governing the time-linearization step are derived in
a similar fashion as the equations for iteration. The only dif-
ference is that the equations are formulated by linearizing
about time level (n) instead of the iterate level (*).

CAP-TSD Code

The AF algorithm has been used as the basis of the CAP-
TSD code for transonic unsteady aerodynamic and aeroelastic
analysis of realistic aircraft configurations. The code can be
used to analyze configurations with arbitrary combinations of
lifting surfaces and bodies including canard, wing, tail, control
surfaces, tip launchers, pylons, fuselage, stores. and nacelles.
The code has the option of half-span modeling for symmetric

cases or full-span modeling to allow the treatment of antisym-
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metric mode shapes, fuselage yaw, or unsymmetric configura-
tions such as an oblique wing or unsymmetric wing stores.
Steady and unsteady pressures on several realistic aircraft con-
figurations calculated using CAP-TSD, including comparisons
with experimental data, are presented in Ref. 12. The calcu-
lated results are in good general agreement with the experimen-
tal pressure data, which validates CAP-TSD for multiple-com-
ponent applications with mutual aerodynamic interference
effects. Preliminary aeroelastic applications of CAP-TSD
compare well with experimental data for subsonic, transonic,
and supersonic freestream Mach numbers, which gives confi-
dence in the code for aeroelastic prediction.!”-1

Results and Discussion

To assess the entropy and vorticity modifications to TSD
theory, results are presented for the NACA 0012 airfoil and
the ONERA M6 wing.!? The accuracy of these results is deter-
mined through detailed comparisons with Euler calculations
and with available experimental data.

NACA 0012 Airfoil Results

For the NACA 0012 airfoil, calculations were performed on
a grid that had 80 and 66 points in the streamwise and vertical
directions, respectively. The grid extended 25 chord lengths
above and below the airfoil and 20 chord lengths upstream and
downstream of the airfoil. Four cases of increasing difficulty

. were selected to assess the modified theory systematically. The

first two cases involve steady flow for nonlifting (M = 0.84,
ag =0 deg) and lifting (M = 0.8, «p=1.25 deg) conditions.
These results are compared with parallel Euler calculations.
The third case is for the airfoil pitching harmonically about the
quarter-chord with an amplitude of o; = 2.51 deg and reduced
frequency of & = 0.0814 at M = 0.755 and ap = 0.016 deg. The
calculations are compared with the experimental data of Ref.
20. This case is a challenging one for the modified TSD theory
since the oscillating airfoil produces relatively large shock mo-
tions and the upper and lower surface shocks periodically ap-
pear and disappear during the cycle. The fourth case is for the
airfoil pitching harmonically about the quarterchord with an
oscillation amplitude of o; = 2.44 deg and reduced frequency
of k = 0.081 at M = 0.599 and ag = 4.86 deg. These calcula-
tions also are compared with the data of Ref. 20. This case is
also a very challenging one since the maximum angle of attack
during a cycle of motion is 7.3 deg. This relatively large instan-
taneous angle of attack is normally considered to be outside
the range of validity of TSD theory.

Nonlifting Steady Flow

Results are first presented for the NACA 0012 airfoil at
M =0.84 and oy =0 deg. This is the same case studied by
Fuglsang and Williams® and by Whitlow et al.?! At this Mach
number and angle of attack, irrotational isentropic methods,
either TSD or full-potential, predict nonunique solutions, as
reported in Refs. 6 and 21, respectively. These nonunique or

TSD + entropy + vorticity
12 - -—=—— TSD + entropy
o Euler (FLO52)

|
|
|
c T P
b b

|
0 2 4 6 8 1.0
x/c
Fig.2 Comparison of steady pressure distributions for the NACA
0012 airfoil at M = 0.84 and « = 0 deg.
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multiple solutions are characterized by stable asymmetric
flows with either large positive or large negative lift. The cor-
rect solution, of course, is a symmetric flow with zero lift.
When shock-generatéd entropy effects are included in the cal-
culation as a niodification to the streamwise flux, the

TSD + entropy + vorticity

===~ TSD + entropy
O Euler (FLO52)

ol
|

o .
x/c
Fig. 3. Comparison of steady pressure distributions for the NACA
0012 airfoil at M = 0.8 and «p = 1.25 deg.

TSD.+ entropy + vorticity Experiment
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nonuniqueness problem is eliminatéd, and the expected sym-
metric solution is obtained, as shown in Fig. 2. The steady
pressure distribution computed by. including entropy effects
compares fairly well with the Euler result,'* except that the
upper and lower surface shocks are located d@pproximately 3%
chord downstream of the Euler shock location. (For clarity,
only every third pressure value from the Euler calculation was
plotted except in the region of the shock.) This discrepancy in
shock location is consistent with the entropy-corrected results
for the same case shown in Refs. 6 and 21. When the shock-
generated vorticity effects are also included in the model, how-
ever, the modified theory significantly improves the prediction
of the shock location. Consequently, the steady pressure distri-
bution now is in very good agreement with the Euler results, as
further shown in Fig. 2. Therefore, for cases with strong shock .
waves, both entropy and vorticity corrections are required to
give Euler-like accuracy.

Lifting Steady Flow o .

To evaluate the modified TSD method for a case with
nonzero lift, results are presented for the NACA 0012 airfoil
at M =0.8 and o= 1.25 deg. This well-studied case is an
AGARD test case for assessment of inviscid-flow methods.?
Calculated pressures are presented in Fig. 3 for TSD theory

TSD + entropy + vorticity Experiment

. Upper surface O Upper surface

- 1—5— Lower surface ([ Lower surface

a(t)= -2.0°
S5 kt = 307°
1.0
A5
A0 B
o \
/ \ C *
-5 o —f—————="p
C b
P (I - =8
0
5b a(1) = -0.54°
kt = 347°
10 | 1 I | I
0 2 4 6 8 1.0
x/c

Fig. 4 Comparison of instantaneous pressure distributions for the NACA 0012 airfoil at M = 0.755, do = 0.016 deg, di =2.51 deg, and

k = 0.0814.
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TSD + entropy + vorticity Experiment

Upper surface
— — — — Lower surface

32

O Upper surface
O Lower surface

-24

x/C
a) Near the maximum pitch angle, a(7) = 6.97 deg, k7 = 60 deg

TSD + entropy + vorticity Experiment

Upper surface
-~ — = — Lower surface

24 —

O Upper surface
O Lower surface

16 I I | 1 |
x/c

b) ‘ Near the minimum pitch angle, af7) = 2.43 deg, k7 =273 deg
Fig. 5. Comparison of instantaneous pressure distributions for the
NACA 0012 airfoil at M = 0.599, «o = 4.86 deg, ay = 2.44 deg, and
k =0.081. '

~ with entropy effects and TSD theory with entropy and vortic-
ity effects. Comparisons are made with parallel Euler calcula-
tions to assess the accuracy of the TSD solutions. As shown in
Fig. 3, the steady pressure distributions computed including
entropy effects do not compare well with the Euler pressures.
For example, the upper surface shock wave is slightly weaker
and located approximately 3% chord upstream of the Euler
result. Similarly, a stronger shock is predicted along the lower
surface that is located about 6% chord downstream of the
Euler calculation. When the vorticity effects are included in
the calculation, however, the modified TSD theory gives
steady pressures that are in very good agreement with the Euler
results. Here, the strong shock on the upper surface and the
weak shock on the lower surface are accurately predrcted in
both strength and location.

Unsteady Flows

To assess the modified theory for unsteady flow applica-
tions, results were first obtained for the NACA 0012 airfoil
pitching harmonically about the quarterchord at M = 0.755
and ag=0.016 deg. This case was also studied in Ref. 21,
where it was shown that the entropy effects have only a small
effect on the solution. It is still a good check case, though, to
test the robustness of the shock identification procedure and
the smoothness of the entropy convection for a time-depen-
dent problem with large shock motions. The amplitude of the
motion was selected as a; = 2.51 deg, and the reduced fre-
quency was k = 0.0814 for comparison with the experimental
data of Ref. 20. The results were obtained using 360 steps per
cycle of motion, which corresponds to a step size of
At = 0.1072. Three cycles of motion were computed to obtain
a periodic solution. '
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Instantaneous pressure distributions at six points in time
during the third cycle of motion are presented in Fig. 4 for
comparison with the experimental pressure data. In each pres-
sure plot, the instantaneous angle of attack «(r) and the angu-
lar position in the cycle are noted. During the first part of the
cycle, there is a shock wave on the upper surface of the airfoil
and the flow about the lower surface is predominantly subcrit-
ical. During the latter part of the cycle the flow about the
upper surface is subcritical, and a shock forms along the lower
surface. The pressure distributions from the modified theory
indicate that the shocks oscillate over approximately 25% of
the chord and, in general, compare well with the data. The
modified theory captures the shocks sharply and has no diffi-
culty in treating these large shock motions.

To assess further the modified theory for unsteady applica-
tions, pressures were calculated for the NACA 0012 airfoil
pitching harmonically about the quarterchord at M = 0.599
and o = 4.86 deg. The amplitude of the motion was selected
as o = 2.44 deg, and the reduced frequency was k = 0.081 for
comparison with the experimental data.? The results were
obtained using 360 steps per cycle of motion, and three cycles
were computed to obtain a periodic solution.

Instantaneous pressure distributions at two points in time
during the third cycle of motion are presented in Fig. 5. The
two points in time correspond to near the maximum pitch
angle (o« = 6.97 deg) shown in Fig. 5a, and near the minimum
pitch angle (e = 2.43 deg) shown in Fig. 5b. Near the maxi-
mum pitch angle (Fig. 5a), there is an imbedded supersonic
region forward on the upper surface of the airfoil that is termi-
nated by a relatively strong shock wave at approximately 20%
chord. Instantaneous pressures obtained using the modified
theory agree very well with the experimental data in the suction
region 0.0<x/c <0.2, and show accurate prediction of shock
location and strength. The shock is sharply captured and is
located slrghtly downstream of the experimental location.
Near the minimum pitch-angle (Fig. 5b), the shock wave on the
upper surface disappears, and the calculated pressures again
agree well with the data. The modified theory is, therefore,
capable of treating time-dependent cases involving strong
shocks and large shock motions.

ONERA M6 Wing Results

To test the entropy and vorticity modifications to TSD the-
ory for three-dimensional applications, steady and unsteady
calculations were performed for the ONERA M6 wing.'® The
M6 wing has an aspect ratio of 3.8, a leading-edge sweep angle
of 30 deg, and a taper ratio of 0.562. The airfoil section of the
wing is the ONERA “D’’ airfoil, which is a 10% maximum
thickness-to-chord ratio symmetric section. Pressures were cal-
culated at M =0.92 with the wing at 0 deg mean angle of
attack. These conditions correspond to an AGARD test case
for assessment of inviscid flowfield methods,? and were se-
lected for comparison with the tabulated Euler results of Rizzi
contained therein. The calculations were performed on a grid
that had 90, 30, and 60 points in the streamwise, spanwise, and
vertical directions, respectively. The grid extended 10 root
chord lengths upstream and downstream of the wing root, one
semispan outboard of the wing tip, and 15 chord lengths above
and below the wing.

Steady Flow

Calculations were performed for the ONERA M6 wing us-
ing: 1) unmodified TSD theory, 2) TSD with entropy effects,
and 3) TSD with entropy and vorticity effects. For each of
these methods, steady pressure distributions along three span
stations (7 = 0.08, 0.47, and 0.82) of the wing are presented in
Frg 6. For this case, the flow is symmetric above and below the
wing with.shocks on the upper and lower surfaces. As shown
in Fig. 6a, the results from the unmodified TSD theory com-
pare well with the Euler results in predicting the leading-edge
suction peak and the overall pressure levels. ‘However, when
compared with the Euler calculations, the shock is located too
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Fig. 6. Comparison of steady pressure distributions for the ONERA
M6 wing at M = 0.92 and o = 0 deg.

far aft and is too strong outboard near the tip. When the
entropy effects are included in the calculation, a considerable
improvement is obtained in both the shock location and
strength, as shown in Fig. 6b. The shock is still located slightly
downstream of the Euler shock position, along the span. When
_vorticity effects are also included in the calculation, the shock
is displaced slightly forward from the previous solution, as
shown in Fig. 6¢c. Here the shock location is in very good
agreement with the Euler calculations along the span. Conse-
quently, the steady pressure distributions from the modified
TSD theory now compare very well with the Euler pressures,
which verifies the modified theory for three-dimensional appli-
cations.
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Fig. 7 Comparison of unsteady pressure distributions for the
ONERA M6 wing at M =0.92, ag=0 deg, oy =2.51 deg, and
k = 0.0814.

Unsteady Flow

Unsteady results are also represented for the ONERA MG
wing a M = 0.92 and o = 0 deg to demonstrate further appli-
cation of the modified TSD theory to a time-dependent prob-
lem. Calculations were performed for the wing pitching har-
monically about a line perpendicular to the root at the root
quarter-chord. The amplitude of the motion was selected as
a; =2.51 deg, and the reduced frequency was k = 0.0814,
which are the same parameters as those used in the first of the
unsteady cases for the NACA 0012 airfoil. The results were
obtained using 360 steps per cycle of motion, which corre-
sponds to a step size of Af = 0.1072. Three cycles of motion
were computed to obtain a periodic solution. There are no
experimental unsteady data for the M6 wing to validate the
calculated results.

Unsteady pressure distributions are shown in Flg 7 for the
same three span stations as the steady pressure distributions of
Fig. 6. The results are presented as real and imaginary compo-
nents of the unsteady lifting pressure coefficient, normalized
by the amplitude of motion. Two sets of calculated pressures
are compared corresponding to unmodified TSD theory and
TSD with entropy and vorticity effects. As shown in Fig. 7,
there is a shock pulse of moderate strength in both the real and
imaginary parts that is produced by the motion of the shock
wave. The shock pulse computed using the modified theory is
located upstream of that predicted by the unmodified theory,
corresponding to the forward displacement of the steady-state
shock when the entropy and vorticity effects were included in
the calculation (Fig. 6). In both cases shown in Fig. 7, the
shock oscillates over 10-15% of the chord during a cycle of
motion, and the modified theory has no difficulty in comput-
ing this unsteady transonic flow. Furthermore, differences be-
tween the two sets of results in Fig. 7 emphasize the impor-
tance of including the entropy and vorticity effects in the TSD
calculation for unsteady aerodynamic and aeroelastic analysis.
Preliminary applications of the modified TSD theory for
aeroelastic analysis, including the effects of entropy and vor-
ticity on flutter, have been reported in Ref. 23.

Concluding Remarks

Modifications to unsteady transonic small-disturbance the-
ory to include entropy and vorticity effects were described.
The modifications have been implemented in the CAP-TSD
code, which was developed recently for aeroelastic analysis of
complete aircraft configurations in the fhitter critical transonic
speed range. Entropy and vorticity effects have been incorpo-
rated within the solution procedure to treat cases with strong
shock waves more accurately. The modified CAP-TSD code
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includes these effects while retaining the relative simplicity and
cost efficiency of the TSD formulation. For example, the en-
tropy and vorticity corrections do not require any user-selected
parameter values, and the increase in CPU time is only approx-
imately 25%.

Steady and unsteady results were presented for the NACA
0012 airfoil and the ONERA M6 wing to demonstrate applica-
tion of the modified theory. Comparisons were made with
Euler calculations and with experimental data to assess the
accuracy of the entropy and vorticity modlflcatlons For the
NACA 0012 airfoil, steady pressures computed using the mod-
ified theory were in very good agreement with the Euler calcu-
lations. For cases involving strong shock waves, both entropy
and vorticity corrections were required to give Euler-like accu-
racy. Instantaneous pressure distributions obtained using the
modified theory for the NACA 0012 airfoil pitching about the
quarterchord compared well with’ experimental data. For the
ONERA M6 wing, comparisons of steady pressures from the
modified theory with Euler results also showed very good
agreement. Therefore, the present method provides the aeroe-
lastician with an’ affordable capability to. analyze relatively
difficult transonic flows without having to solve the computa-
tionally more expensive Euler equations.-
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